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Instructions

* Answer all questions in the spaces provided.

* Write your responses in English.

* Unless otherwise specified, an exact answer is required for each question.

* In questions where more than one mark is available, appropriate working must be shown.
* Unless otherwise indicated, the diagrams in this book are not drawn to scale.

- Take the acceleration due to gravity to have a magnitude g m s~2, where g = 9.8

Question 1 (4 marks)

a. Acertain model of electric car accelerates in a straight line from rest, with constant
acceleration, to travel 400 metres in 10 seconds.

i. Find the acceleration of the carin m s—2. 2 marks

ii. Find the speed of the car, inm s~!, when it has travelled 400 m. 1 mark
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b. Asecond car accelerates in a straight line from rest, with constant acceleration, for
12 seconds.

Given that the speed of this car is ' m s~! after 12 seconds, write down the average
speed of the car in terms of } for the first 6 seconds of its motion. 1 mark
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Question 2 (3 marks)
Solve z4 =-8 + 8\/§i, giving your answers in Cartesian form.

Question 3 (3 marks)

a. Find the coordinates of the points of inflection of the graph of y = x* — 6x? + 4. 2 marks
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b. Hence, or otherwise, find all values of x for which the graph of y =x* — 6x2 + 4 is
concave up. 1 mark
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Question 4 (3 marks)

Find the coordinates of the point where the line given by the equation r =41 —2j+ 2k + ¢ (21 — j + 3k),
where ¢ € R, intersects the plane with the equation 2x + 3y —z=6. B i

Question 5 (5 marks)
The curve defined by 6e” arctan (LJ —n cos(y) =0 has an x-intercept of 1.

N

Find the equation of the straight line that is perpendicular to the curve at this intercept.

Give your answer in the form y = mx + ¢, where m, ¢ € R.
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Question 6 (4 marks)

a.

A café made a large batch of muffins. The masses of the muffins are normally
distributed with a mean of u grams and a standard deviation of 1 gram.

Arandom sample of 16 muffins was selected from the batch, and the sample mean
was 25 grams.

Find a 95% confidence interval (z = 1.96) for u. Give your answer correct to one
decimal place. 2 marks

A different random sample of 25 muffins was selected from the batch. The mean mass
of this new sample was 25 grams, and a 95% confidence interval was calculated
correct to one decimal place.

By what percentage is the width of the new confidence interval reduced compared to
the confidence interval calculated from the sample in part a? 2 marks
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Question 7 (4 marks)
The curve defined by the parametric equations x = 8tand y = > — 8log (#), where ¢ € [1, 3], is rotated
about the y-axis to form a surface of revolution.

Find the area of the surface of revolution formed.

ar
Give your answer in the form 7 wherea, b € Z*.
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Question 8 (4 marks)
Prove by mathematical induction that

Ix7+2x15+3%x23+ ... +n(8n—1)=én(n+l)(l6n+5) foralln € N.
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Question 9 (6 marks)

In a population, the number of kangaroos, P, is modelled by the logistic differential equation

dP P

o = 0.0SP(IO - %j where P € [100, 500) and where ¢ is the time in years after the population

was established.
The initial number of kangaroos in the population was 100.
d*P

a. Find W in terms of P. 1 mark
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b. Inthe context of the growth of the kangaroo population, what does the point of
inflection at 4 represent? 1 mark
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4P
c. Solve the logistic differential equation to show that 7 = 2log, (SOO P]' 3 marks
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d. Hence, or otherwise, find the coordinates of point 4. 1 mark
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Question 10 (4 marks)
33
Use integration by parts to evaluate L 2 (4 arcsin (gD dx.

Give your answer in the form az+ b, where a, b € R.
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End of examination questions
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Specialist Mathematics Examination 1
Formula Sheet

Mensuration

2 4
area ofa r—(@ ~sin(0)) volume 4 .3
circle segment 2 of a sphere 3
volume of ) area of 1.

. —b A
a cylinder wrh a triangle 2 csin(4)
lume of L ine rul A —
volume of a cone gﬂr sine rule sin(4) sin(B) sin(C)
1 .

volume . —Ah cosine rule c?=a’+b*—2abcos(C)
of a pyramid 3

Algebra, number and structure (complex numbers)

z=x+iy=r(cos(9)+isin(@))zrcis(@) |Z|: Ix2 +y2 =7

—n<Arg(z)<nx 22, = Ky cis(6, + 6,)
V4 "o, .
Z—l = r—1c1s(01 -6,) de Moivre’s theorem | z"=r"cis(n6)
2 2

Data analysis, probability and statistics

E(aX, +b)=aE(X,)+b

E(aX, +a,X,+...+a,X, )
=aqE(X E(X E(X
for independent random AE()+BE(X) 4ot g, E(X,)
variables X, X, ... X,

Var(aX1 + b) = aZVar(Xl)
Var(ale ta, X, +...+a,X, )
=aVar(X, )+ a2Var(X,)+...+a,>Var(X,)

E(X, +X,+...+ X, )=nu

for independent identically
distributed variables

X X X Var(X, + X, +...+ X, ) =no?

You may keep this Formula Sheet.
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Data analysis, probability and statistics — continued

approximate confidence s, s,
interval for u Jn’ Jn
mean E(X)=u
distribution of sample mean X )
. = (o2
variance Var(X)=—
n
Calculus
i(x”)zrzx'“l x”dxz—l X"l ye, nz-1
dx J n+l1
i(e‘”)zae”x e“xdleew‘nLc
dx J a

d 1 1
a(loge (x))z; ;dleoge|x|+c

i(sin (ax)) = acos(ax) sin (ax)dx = —lcos (ax) +c

dx J a

d . | 1.

—(cos(ax))=—asin (ax) cos(ax) dx = —sin (ax) + ¢

dx J a

d ) [ 1

—(tan (ax)) = asec? (ax) sec? (ax)dx = —tan (ax) + ¢

dx J a

d ’ | ) 1

d—(cot (ax)) =—acosec? (ax) cosec? (ax)dx = ——cot (ax) + ¢

X v a

d | 1

d—(sec (ax)) = asec(ax) tan (ax) sec (ax)tan (ax)dx = —sec(ax) + ¢
% J a

d | 1

d—(cosec(ax)) = —acosec (ax)cot (ax) cosec (ax)cot (ax) dx = ——cosec (ax) + ¢
A% J a

i(sin‘1 (ax)):L ‘;dxzsin‘l(£]+c, a>0

dx J1-(ax)? JJa? —x? a

i(cos’1 (ax)):_—a ._—lclxzcos’1 [£j+c, a>0

dx J1-(ax)? J Ja? —x? a

i(tan‘1 (ax))= a .Lafx—tan‘1 Al

dx 1+ (ax)? Ja? +x? a

J(ax+b)”dx= (ax+b)"* 1 +c, nz-1
a(n+1)

J. ! dleloge|ax+b|+c
ax+b a
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Calculus — continued

product rule i(uv) = uﬂ + v@
dx dx
v@—udv
quotient rule i(zj: dx " dx
dx\ v V2
chain rule ﬂzﬂxﬂ
dx du dx

integration by parts

J‘uﬂdxzuv—jv@dx
dx

dx

Euler’s method

d
if = f(x, »), xo=aand y,=b,
dx

thenx,,, =x,+ A and

Yn+1 = Vn +hxf(xn’yn)'

arc length parametric

5 (5]
v [1 dt t

surface area Cartesian about x-axis

.xz d 2
2y, |1+ (_y) dx
dx

.xl

surface area Cartesian about y-axis

surface area parametric about x-axis
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surface area parametric about y-axis

Kinematics

acceleration

dv dv d(l zj
a=——=—=V—=—| =V
dr  dt  de  dx

2

v=u+at
constant

1
s =ut +—at?

acceleration formulas

V=u?+2as

1
s=—(u+v)t
S+
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Vectors in two and three dimensions

1) =x()i+y@)]j+z(k |r(0)| = \/ x(1)? + y()* +2(1)?
iy =L D
dt dt dt > dt

vector scalar product

I-L,= ‘glugz‘cos(Q):x]xz Ttz

andr, =x,i +y,j+ 2,k

for r;=x 1+ yj+zk vector cross product

LXL,=1% N 4 =(y122 _yzzl)i+(x221_x1zz)i+(x1y2 _xzyl)lf
X,

j k

Yo %

vector equation of a line () =1+ i1y = (x; + xy0 )i+ (3 + 2y0) j+ (2 + 250 )k

parametric equation ofaline | x(¢f)=x,+xt  y(@)=yi+yt  z(t) =z, + 2zt

vector equation of a plane

(s, 1) =1y +SL; +11,

=(x0 + X8 +x2t)i + (yO + s +y2t)j+(zo +z5 +22t)15

parametric equation
of a plane

X(8,8) =X0+ X8 + X, Y(S,8) =Yoo+ 1S +Wat, z(8, 1) =29+ 2,8 + 25t

Cartesian equation ofaplane | ax+by+cz=d

Circular functions

cos?(x) + sin?(x) =1

1 + tan?(x) = sec?(x)

cot’(x) + 1 = cosec?(x)

sin (x +y) = sin(x) cos () + cos (x) sin(y)

sin(x — y) = sin(x) cos(y) — cos (x) sin(y)

cos (x + y) = cos (x) cos(y) — sin(x) sin(y)

cos (x —y) =cos(x) cos(y) + sin(x) sin(y)

_ tan(x)+ tan(y) oy fan (x)—tan(y)
tan(x+y) = 1—tan(x)tan(y) tan(x =) 1+ tan(x)tan(y)
sin(2x) = 2 sin(x) cos(x)

. . 2tan(x)
cos (2x) = cos?(x) — sin?(x) =2 cos?(x) — 1 = 1 — 2 sin?(x) tan (2x) = —————
1—tan~ (x)

sin? (ax) = %(1 —cos(2ax))

cos? (ax) = %(1 +cos(2ax))

End of Formula Sheet



	2024 Specialist Mathematics 1
	Formula sheet

